Abstract. Let I be a small category with finite dimensional nerve, and X : I → Cat a diagram of small categories. We show that, under a "Reedy quasi-fibrancy condition", the homotopy limit of the geometric realization of X is itself the geometric realization of a category. This categorical model for the homotopy limit is defined explicitly, as a category of natural transformations of diagrams. For the poset • → • ← • we recover the model for homotopy pullbacks provided by Quillen's Theorem B (specifically Barwick and Kan's version of Quillen's Theorem B 2 ). For diagrams of cubical shape, this theorem gives a criterion to determine when the nerve of a cube of categories is homotopy cartesian.
Introduction
Many spaces of interest to topologists are defined as the nerve of categories. Given a diagram of small categories X : I → Cat, understanding the homotopy limit and the homotopy colimit of the nerve diagram N X : I X → Cat N → sSet is important for calculations. It is particularly useful to find categories whose nerves are weakly equivalent to these spaces. In the case of homotopy colimits, this problem has been completely solved by Thomason in [Tho79] , where the author proves that the nerve of the Grothendieck construction I X is always weakly equivalent to the homotopy colimit of N X. The analogous problem for homotopy limits is considerably harder. In his famous theorem B of [Qui10] , Quillen provides a categorical model for a very specific kind of homotopy limit. He proves that the homotopy fibers of the nerve of a functor are equivalent to the nerves of the over categories, provided the functor satisfies a certain "quasi-fibrancy" condition. Quillen's theorem has been improved by Barwick and Kan in [BK13] , where the authors construct a whole family of categorical models for the homotopy pullback of two functors, under assumptions similar to Quillen's. The present paper extends these results, by constructing a categorical model for the homotopy limit of N X when the indexing category I has finite dimensional nerve, and X satisfies a similar "quasi-fibrancy" condition. For cubical diagrams, this theorem gives a categorical criterion to determine if the nerve of a cube of categories is homotopy cartesian.
Given two diagrams of categories Y, X : I → Cat let Hom(Y, X) be the category of natural transformations from Y to X. Its objects are natural transformations Φ : Y → X, and a morphism Λ : Φ → Φ ′ is a pair of natural transformations Λ 1 : Y → Y and Λ 2 : X → X satisfying Φ ′ Λ 1 = Λ 2 Φ. This category is introduced in [Lyd94] where the author shows, among other homotopical properties of this construction, that its nerve is isomorphic to the simplicial mapping space of natural transformations Hom(N Y, N X). For the functor Y = I/ (−) : I → Cat that sends an object i to its over category I/ i , the nerve of Hom I/ (−) , X is then isomorphic to the Bousfield-Kan formula ( [BK72] ) for the homotopy limit of N X. General simplicial model category theory tells us that the Bousfield-Kan formula Hom N I/ (−) , N X is homotopy invariant when N X is pointwise fibrant. This happens only in the rare situation when the X i 's are groupoids. In the terminology used in this paper, the "homotopy limit" of N X is the specific model holim I N X := Hom N I/ (−) , F N X for a left derived functor of the limit functor, where N X ≃ → F N X is a pointwise fibrant replacement of N X (the vertices F N X i are Kan complexes). In our main result we find a weaker condition on X, similar in spirit to the condition of Quillen's theorem B, for which the nerve of Hom I/ (−) , X is still weakly equivalent to holim I N X.
Let i < I be the full subcategory of the under category i/I of non-identity maps with source i. For a diagram X : I → Cat we define X i< : (i < I) → Cat as the restriction of X along the projection functor i < I → I that sends i → j to j. For every object i of I, there is a functor
that sends an object x of X i to the natural transformation m i (x) : (i < I)/ (−) → X i< consisting of the constant functors m i (x) α : (i < I)/ α → X j that send every object to α * x. For the purpose of this paper, we say that a functor is a weak equivalence if its nerve is a weak equivalence of simplicial sets.
Definition. A diagram X : I → Cat is Reedy quasi-fibrant if for every object i of I the functor m i / (−) : Hom (i < I)/ (−) , X i< −→ Cat sends every morphism in the category of natural transformations to a weak equivalence. Now suppose that the nerves of the under categories N (i/I) have finite dimension for every object i of I. We call a category I with this property left-finite. These categories have a canonical degree function ObI → N that sends i to the dimension of N (i/I). The degree function induces a filtration I ≤0 ⊂ I ≤1 ⊂ · · · ⊂ I, where I ≤n is the full subcategory of I of objects of degree less than or equal to n. This filtration is finite precisely when N I is itself finite dimensional. Let us justify the terminology "Reedy quasi-fibrancy" used for X. The functor m i factors through the categorical limit
where the second map is induced by the projection (i < I)/ (−) → * , and the first functor is the i-matching functor. The nerves of the m i 's are thickenings of the matching maps of N X. The diagram N X would be Reedy fibrant if the matching maps were Kan fibrations. The condition on X of Theorem B I implies, by Quillen's Lemma [Qui10, p.98] and Thomason's theorem [Tho79] , that the replacement of m i by the Grothendieck construction
is a quasi-fibration. In this sense the condition of Theorem B I is a Reedy quasi-fibrancy condition.
Theorem B I gives a criterion to determine if the nerve of a cube of categories is homotopy cartesian. Let P(n+1) be the poset category of subsets of the set {1, . . . , n+1} ordered by inclusion, and let P 0 (n + 1) be the subposet of non-empty subsets. A functor X : P(n + 1) → Cat is an (n + 1)-cube of categories. The quasi-matching functor for X at the empty vertex is the functor
Corollary. Let X : P(n + 1) → Cat be Reedy quasi-fibrant. For every natural transformation Φ : P 0 (−) → X ∅< the nerve of the category m ∅ / Φ is the total homotopy fiber of the cube N X over Φ. In particular if all the categories m ∅ / Φ are contractible, N X is homotopy cartesian.
We explain how Theorem B I relates to Quillen's Theorem B when I is the poset • → • ← •.
A diagram indexed over this poset is a pullback diagram of categories
There is an isomorphism of categories
where f ↓ g is the model for the homotopy pullback of Barwick and Kan [BK13] . The objects of f ↓ g are triples (c, d, γ) consisting of objects c ∈ C and e ∈ E, and a zig-zag of morphisms
) in the category D. This is precisely the Grothendieck construction of the functor
In [BK13] the authors prove that when one of the functors f / (−) , g/ (−) : D → Cat sends every morphism to an equivalence, the nerve of f ↓ g is equivalent to the homotopy pullback of the nerves. In fact, they even show that the the zig-zag in D can be chosen of any given length. In particular when it has length one and E is the point category, this is the classical theorem B of Quillen [Qui10] . The condition from theorem Theorem B I specified to pullback diagrams requires that both functors f / (−) and g/ (−) send morphisms to weak equivalences. This is clearly more restrictive than the theorem of [BK13] , where only one of the two functors needs to satisfy this condition. In section 2 we give an alternative proof of Theorem B I for the poset I = P 0 (n+1). This new proof requires 2 n+1 − n − 2 conditions, against the 2 n+1 − 2 conditions of Theorem B I for the category P 0 (n+1).
In particular for n = 1 the unique condition is precisely the condition of [BK13] .
Theorem B I is proved by induction on the filtration on I induced by the degree function, and the argument can be carried out equivariantly. Let G be a finite group acting on a category I. Following [JS01] , a G-diagram in a category C is a functor Z : I → C together with natural transformations
for every group element g in G, satisfying the conditions 1 Z = id and g Z •h Z = (gh) Z . Given two Gdiagrams of simplicial sets Z, L : I → sSet, the simplicial set of natural transformations of underlying diagrams Hom(L, Z) inherits a G-action by conjugation. In particular for a suitable pointwise fibrant replacement Z ≃ → F Z, the Bousfield-Kan homotopy limit holim I Z = Hom N I/ (−) , F Z has a G-action. The homotopical properties of this construction are studied extensively in [DM14] in a suitable model categorical context. Given two G-diagrams of categories X, Y : I → Cat, the category of natural transformations Hom(Y, X) has a similar G-action defined by conjugation, and the canonical isomorphism N Hom(Y, X) ∼ = Hom(N Y, N X) is equivariant. Now suppose that I is left-finite. Notice that the fixed point categories I H are automatically left-finite for every subgroup H of G. For every object i of I H , the under category i/I has an action of H, that restricts to the subcategory i < I. The restriction of a G-diagram X : I → Cat to i < I has a canonical structure of H-diagram, and the functor m i :
be its restriction to the fixed point categories. 
Left-finite homotopy limits of categories
In this section we give a proof of Theorem B I from the introduction. A left-finite category I has a canonical degree function deg : ObI → N, that sends an object i to the dimension of N (i/I). This is the length of the longest sequence of non-identity morphisms starting at i. This function is strictly decreasing, in the sense that if α : i → j is a non-identity morphism deg(i) > deg(j). In particular I cannot have non-trivial endomorphisms. The degree function induces a filtration
where I ≤n is the subposet of I of objects of degree less than or equal to n. For degree reasons there cannot be a non-identity map between objects with the same degree. Hence the complements I n = I ≤n \I ≤n−1 are discrete categories, and in particular I ≤0 = I 0 is discrete. The proof of Theorem B I is by induction on this filtration, exploiting the fact that the categories I n are discrete.
We need a Lemma to carry over the induction step, and this requires to set up some notation. For any set of degree n objects U ⊂ I n , let U ≤ I be the union of the under categories u/I for u ∈ U . Explicitly, its set of objects is
The set of morphisms (u, α) → (v, β) is empty if u and v are different, and it is the set of morphisms (u, α) → (u, β) in u/I otherwise. Define U < I to be the full subcategory of U ≤ I of non-identity maps. Given a diagram of categories X : I → Cat, we denote the corresponding restrictions by
where U ≤ I → I and U < I → I project onto the target. For an element u ∈ U , recall that m u : X u → Hom (u < I)/ (−) , X u< is the functor that sends an object x to the natural transformation consisting of constant functors m u (x) α = α * x. Finally, we recall from [Tho79] that the Grothendieck construction of a functor F : K → Cat is the category K F with objects pairs
, and where a morphism (k, x) → (l, y) the set is a morphism α : k → l in K together with a morphism δ : α * x → y in the category F (l).
Lemma 1.1. Let X : I → Cat be a diagram of categories, and suppose that I is left-finite. For every subset U ⊂ I n , there is a natural isomorphism of categories
where F U : Hom (U < I)/ (−) , X U < → Cat is the functor that sends a natural transformation Φ to the category
Proof. An object in the Grothendieck construction is a collection of functors {Φ α : (U < I)/ α → X i } α natural in α : u → i ranging over the objects of U < i, together with objects x u ∈ X u for every u ∈ U , and compatible natural transformations for every α :
Here α * x u : (U < I)/ α → X i is the constant functor with value α * x u . Given such an object (Φ, x, γ), define a natural transformation Ψ :
An object of (U ≤ I)/ α is a factorization
, and an object of (U < I)/ α is a similar factorization where the map u → k is not an identity. The functor Ψ α : (U ≤ I)/ α → X i is defined on objects by
The point here is that
Such a morphism is sent to
Notice that if u → l is the identity map on u, by degree reasons both u → k and k → l must be identities. This procedure defines a functor
on objects. Extend this on morphisms as follows. Unraveling the definitions of the Grothendieck construction and of the natural transformations category, we see that a morphism (Φ, x, γ) → (Φ ′ , x ′ , γ ′ ) in the left-hand category is a collection of compatible natural transformations λ α : Φ α → Φ ′ α , for every non-identity map α : u → i with u ∈ U , together with morphisms f u : x u → x ′ u in X u for every u ∈ U , making the squares
and at an identity map id u by f u :
The resulting functor is an isomorphism of categories. Its inverse sends a natural transformation
, and the natural transformations
Here the second equality holds by naturality of Ψ, and the arrow is Ψ α applied to the morphism
The inverse can be extended similarly to morphisms.
Proof of Theorem B I . Let N X → F N X be a pointwise fibrant replacement of N X in the projective model structure. We prove just below, by induction on n, that for every subset U ⊂ I n the map
is a weak equivalence. In particular by choosing U = I n the category I n /I is I ≤n , and the equivalence above is N Hom (I ≤n )/ (−) , X ≤n → holim The structure maps holim I ≤n N X ≤n → holim I ≤n−1 N X ≤n−1 in the right-hand tower are Kan fibrations. Indeed, they are induced by mapping the cofibrations of diagrams of simplicial sets ι n / (−) → I ≤n , where ι n : I ≤n−1 → I ≤n is the inclusion, into the fibrant diagram F N X ≤n . Hence the righthand homotopy limit is equivalent to the categorical limit. Now each Hom N (I ≤n )/ (−) , F N X ≤n is isomorphic to Hom N j n / (−) , F N X , where j n : I ≤n → I is the inclusion. The right-hand limit is then
The last isomorphism holds as the category j n / i includes in j n+1 / i for every object i of I, with union n∈N j n / i = I/ i . This would finish the proof of Theorem B I . It remains to prove the inductive statement above. The base induction step n = 0, relies on the fact that for a subset U ⊂ I 0 , the category (U ≤ I) is discrete, with objects the identity maps id u , for u ∈ U . Additionally the category (U ≤ I)/ idu = {id u } is the one point category. Therefore Hom (U ≤ I)/ (−) , X U ≤ is the product category
and the homotopy limit of N X U ≤ is the product
Since the product of simplicial sets preserve all equivalences (not only between fibrant objects), the map N u∈U X u → u∈U F N X u is an equivalence. Now suppose that N Hom (U ≤ I)/ (−) , X U ≤ → holim N X U ≤ is an equivalence for every subset U ⊂ I n , and let V be a subset of I n+1 . Let Φ : (V < I)/ (−) → X V < be a natural transformation, and consider the commutative diagram
The bottom map is an equivalence by the inductive hypothesis, since V < I = U ≤ I for the set of objects U := (V < I) ∩ I n . The isomorphism is from lemma 1.1. By our assumption on the diagram X, the functor F V sends every morphism to a weak equivalence. Thus by Quillen's lemma [Qui10, p.98] and Thomason's theorem [Tho79] , the left hand vertical sequence is a fiber sequence. Let ι : V < I → V ≤ I be the inclusion. The map induced by ι on homotopy limits is the restriction
Since this is a cofibration of diagrams of simplicial sets and F N X V ≤ is fibrant, the restriction map is a Kan fibration. Its point fiber over Φ is the product of total homotopy fibers v∈V hof Φ| v<I N X v → holim N X v< and therefore the right-hand vertical sequence in the diagram above is also a fiber sequence. We are left with showing that the map on homotopy fibers
is an equivalence. The components of this map factor as
Our assumption on X says that the functor m v / (−) sends every map to a weak equivalence. Hence by Quillen's theorem B the top horizontal map in the triangle is an equivalence. The vertical map is also an equivalence, as by hypothesis of induction for the set U := (v < I) ∩ I n the map N Hom (v < I)/ (−) , X v< → holim N X v< is an equivalence.
Corollary. Let X : P(n + 1) → Cat be a Reedy quasi-fibrant cube. Then the total homotopy fibers of N X are equivalent to the nerves of the over categories m ∅ / Φ , for natural transformations Φ : P 0 (−) → X ∅< . In particular if the categories m ∅ / Φ are contractible N X is homotopy cartesian.
Proof. Let us recall that the total homotopy fiber of N X over Φ is the homotopy fiber
Clearly the restriction X ∅< of X to P 0 (n + 1) is also Reedy quasi-fibrant, and by Theorem B I the total homotopy fiber is equivalent the homotopy fiber of
Since m ∅ / (−) also sends all maps to equivalences, this is equivalent to N m ∅ / Φ by Quillen's Theorem B.
Higher homotopy pull-backs of categories
We weaken the hypotheses of Theorem B I when I is a punctured (n+1)-dimensional cube. It is going to be convenient to choose a basepoint in the set indexing our cube. We replace the set {1, . . . , n+1} from the introduction with the set n + = {1, . . . , n, +}. Let P 0 (n + ) be the poset of non-empty subsets of n + ordered by inclusion. The idea of the alternative proof is to express the homotopy limit of a punctured cube as an iterated homotopy pullback, and use repeatedly theorem B of [BK13] . We do this by restricting a punctured cube X : P 0 (n + ) → Cat along a functor λ :
This functor is best described as the composite
where the first and last functors are the standard isomorphisms that take complements respectively inside the {i} + 's and n + . The dual functor U sends a collection of proper subsets V = {V i ⊂ {i} + } i∈n to their union in n + (having a distinct basepoint is crucial for defining this functor).
Lemma 2.1. The functor λ is left cofinal, that is the over categories λ/S are contractible for every proper subset S of n + .
Proof. We prove equivalently that the functor U is right cofinal. Given a proper subset S ⊂ n + , define a collection of proper subsets S in n i=1 P 0 ({i} + )\{i} + , with components
We claim that this is a well defined object of the under category S/U . Every element i ∈ n that is in S is clearly contained in U (S). In case the basepoint + is in S, there must be an i ∈ n that does not belong to S or S wouldn't be proper. For that element i the component S i = {+} and therefore + belongs to U (S). It is easy to see that S is initial in S/U , and therefore S/U is contractible.
For every integer 0 ≤ k ≤ n, we define k = {1, . . . k}, with the convention that 0 is the empty set. Translation by a non-empty subset K of n\k induces a punctured (k + 1)-cube X K∪(−) : P 0 (k + ) → Cat. Since K maps uniquely to every K ∪ S, for every subset S of k, there is an associated functor
that sends an object x in X K to the natural transformation c K (x) : P 0 (−) → X K∪(−) consisting of the constant functors with value ι * (x), where ι : K → K ∪ S is the inclusion. The functor c K is the functor m K from theorem Theorem B I , for the diagram obtained by restricting X to the subcategory P 0 (K ∪ k + ) of P 0 (n + ).
Theorem B n . Let X : P 0 (n + ) → Cat be a punctured (n + 1)-cube of categories. Suppose that for every integer 0 ≤ k ≤ n − 1 and every non-empty subset K ⊂ n\k the functor
sends every morphism to a weak equivalence. Then the nerve of Hom P 0 (−), X is equivalent to the homotopy limit of the nerve of X.
Remark 2.2. Theorem B n has one condition for every non-empty subset of n\k, and every positive k smaller than n − 1. These are
conditions, which is smaller than the number of conditions of Theorem B I for the category I = P 0 (n + ), which is 2 n+1 −2. In particular for n = 1, Theorem B n has a single condition requiring that the functor c 1 / (−) sends morphisms to equivalences. This is the same as the condition of Theorem B 2 in [BK13] .
Proof of Theorem B n . As λ is left cofinal, the induced map
. . . holim
is a weak equivalence by the cofinality theorem for homotopy limits (see e.g. [Hir03, 19.6 .7]). We show by inductively calculating the homotopy pullbacks that the left-hand side is equivalent to the nerve of Hom(P 0 (−), X). For every 1 ≤ k ≤ n, let λ k be the functor
The first map is the identity on P 0 (k + ) crossed with the dual of the union functor, and the second map is again the dual of the union. In symbols
where r k (V ) := n + \( n i=k+1 ({i} + \V i )). Notice that r k (V ) always contains k as a proper subset. For k = 1 we recover our original functor λ 1 = λ, and for n = k the functor λ n is the identity of P 0 (n + ). We show by induction on k that for every collection of subsets
the canonical map
is an equivalence. When k = n this proves the theorem.
For k = 1, we need to show that for every V = {V i } n i=2 the nerve of
This is the case by Quillen's theorem B 2 of [BK13] if f 1 / (−) sends every morphism in X λ({1} + ,V ) to a weak equivalence. In the category P 0 (n + ), the zig-zag
If + does not belong to r 1 (V ) the right-hand map is the identity, the functor f 1 is the identity functor, and f 1 / (−) sends morphisms to equivalences automatically. When r 1 (V ) contains +, the right-hand map is the inclusion r 1 (V )\+ → r 1 (V ). This is of the form K → K ∪+ for the non-empty subset K := r 1 (V )\+ ⊂ n (it contains at least 1). Hence (f 1 )/ (−) = (c K )/ (−) sends morphisms to equivalences by assumption. Now suppose that
is an equivalence for every V = {V i } n i=k+1 . We need to show that for every collection U = {U i } n i=k+2 the nerve of Hom P 0 ((k + 1) + )/ (−) , X λ k+1 (−,U ) is equivalent to holim holim
For every non-empty subset W of k + , the zig-zag
The right-hand term is invariant under adding the basepoint + to W . Hence all the maps W → W + in the punctured k + -cube N X λ k (−,k+1,U) are identities. The right hand homotopy limit is then naturally equivalent to the +-vertex, that is
Together with the induction hypothesis, this shows that the homotopy pullback above is equivalent
An argument completely analogous to Lemma 1.1 gives a natural isomorphism of categories
By Quillen's theorem B 2 of [BK13] this Grothendieck construction is equivalent to the homotopy pullback, if (f k+1 )/ (−) sends morphisms to equivalences. If + belongs to r k+1 (U ) the whole set k + 1 + is contained in r k+1 (U ), and
Hence the punctured k + -cube X λ k (−,{k+1} + ,U) is the translation cube X K∪(−) , for the subset K = (n\k) ∩ r k+1 (U ) of n\k. Therefore f k+1 / (−) = c K / (−) sends morphisms to equivalences by assumption. If + is not in r k+1 (U ) the maps W → W + in the punctured cube X λ k (−,{k+1} + ,U ) are identities, and f k+1 is the map from the +-vertex
This is an equivalence of categories by the cofinality theorem of [Lyd94] , and therefore f k+1 / (−) sends morphisms to equivalences.
Equivariant Left-finite homotopy limits of categories
In this section we prove Theorem B I G stated in the introduction, for a finite group G. This is an equivariant version of Theorem B I for diagrams of categories that are equipped with a G-action. We make all the constructions of Theorem B I G described in the introduction precise, by reviewing a few notions from [JS01] and [DM14] .
Let G be a finite group acting on a category I. This is a functor I : G → Cat, where the group G is seen as a category with one object. By abuse of notation we will write I also for the underlying category. We recall from [JS01] that a G-diagram in an ambient category C is a diagram X : I → C together with a natural transformation g X : X → X • g for every group element g ∈ G, which satisfy g X • h X = (gh) X and 1 X = id. This is the same data as a diagram X : G I → C, with domain the Grothendieck construction of the G-action I : G → Cat. Notice that each vertex X i has an action by the stabilizer group G i of the object i. When C is the category of simplicial sets, the simplicial set of natural transformations Hom(K, Z) between two G-diagrams K and Z inherits a G-action by conjugation. An n-simplex of Hom(K, Z) is a natural transformation f : K × ∆ n → Z. This is sent by the G-action to the composite
In particular for the G-diagram K = N I/ (−) this gives the Bousfield-Kan formula Hom(N I/ (−) , Z) the structure of a simplicial G-set.
The category of G-diagrams in simplicial sets has a model structure where equivalences (respectively fibrations) are the natural transformations f : K → Z with the property that for every vertex i ∈ I the map f i : K i → Z i is an equivalence (respectively a fibration) of simplicial G i -sets (see [DM14, 2.6 
and sending a morphism α : i → j, δ :
Given a subset U ⊂ I n , the G-action on I induces a G U -action on the categories U ≤ I and U < I, where G U is the subgroup of g of elements that send U to itself. The functor F U : Hom (U < I)/ (−) , X U < → Cat from Lemma 1.1 that sends Φ : (U < I)/ (−) → X U < to
has a canonical G U -structure. It is defined by conjugating the G U -action on U indexing the product and the functors
Hence the Grothendieck construction of F U inherits a G U -action. The following is immediate.
Lemma 3.2. For every subset U ⊂ I n , the isomorphism of categories
Proof of Theorem B I G . Suppose that I is left finite. The automorphism g of I induces an isomorphism of categories g : i/I → gi/I. It follows that the nerves N (i/I) and N (gi/I) have the same dimension, and that the degree function deg : ObI → N is G-invariant. Hence the G-action restricts to the filtration I ≤0 ⊂ I ≤1 ⊂ · · · ⊂ I ≤n ⊂ · · · ⊂ I and the G-structure on X : I → Cat restricts to a G-structure on X ≤n : I ≤n → Cat. Let N X ≃ → F N X be a pointwise fibrant replacement of N X in the model structure of Gdiagrams of simplicial set described above. We prove by induction on n that for every subset U ⊂ I n the map N Hom (U ≤ I)/ (−) , X U ≤ ∼ = Hom N (U ≤ I)/ (−) , N X U ≤ → holim U ≤I (F N X) U ≤ is a weak G U -equivalence. Once this is established, the same argument in the proof of Theorem B I finishes the proof of B I G . For n = 0, the category U ≤ I is discrete and the map above is the map of indexed products
The fixed points of this map by a subgroup H ≤ G U is isomorphic to the map The first map is a G v -equivalence, since m H v / (−) sends every morphism to a weak equivalence of categories for every subgroup H of G v . The second map is also a G v equivalence, as the map N Hom (v < I)/ (−) , X v< → holim N X v< is a G v -equivalence by the inductive hypothesis.
